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The local site symmetry effects on electronic structure of manganites were investigated by using theoretical
analyses in terms of the cluster model calculations for the O K- and Mn L2,3-edge x-ray-absorption spectros-
copy �XAS� results of hexagonal YMnO3 and orthorhombic LaMnO3. YMnO3, which has an unusual MnO5

�D3h� site symmetry, exhibits remarkably different electronic structure and XAS line shape from those of
LaMnO3 with the conventional MnO6 �D4h� site symmetry, despite the same Mn3+ �3d4� trivalent ionic state.
We developed an algebraic formalism, which takes into account the crystal-field energies and hybridization
strengths of the D3h Mn 3d orbital in YMnO3. The deduced values are very consistent with the first-principles
local-density approximation plus Hubbard U calculation results. The cluster model calculations involving the
different site symmetries well reproduce the O K-edge and Mn L2,3-edge spectra of both manganites. In the
analyses of the O K-edge spectra, we also took into account the Y 4d and La 4f /5d orbital states.
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I. INTRODUCTION

Hexagonal manganites �RMnO3, where R=Ho-Lu or Y,
Sc, and In� have attracted much attention due to their inter-
esting multiferroicity and unusual magnetoelectric coupling
behaviors.1–7 Below TC�900 K, large ferroelectric �FE� dis-
placements occur at R ion sites along the hexagonal c axis
with collective rotations of rigid MnO5 cages.8 Below TN
�100 K, the antiferromagnetic �AFM� spin order is devel-
oped with geometrical frustration in the basal Mn3+

sublattices.9

The MnO5 bipyramidal local structure, which results in
peculiar local electronic states, has been discussed in relation
with the unusual coupling behaviors3–5 and also evoked di-
verse arguments for the origin of the ferroelectricity such as
a “directional d0-ness” and electrostatic dipole inter-
actions.8,10 Recently, in the x-ray-absorption spectroscopy
�XAS� study, we have demonstrated that not only MnO5 but
also RO8 local structures play essential roles in the multifer-
roicity of the hexagonal manganites.11 Further, neutron-
scattering studies on YMnO3 showed that the magnetoelec-
tric intercoupling can be attributed to strong Mn-O-Y bond
chains.12 Hence, it is important to understand in detail the
electronic states of MnO5 and RO8 local structures and their
interactions in hexagonal RMnO3. The electronic states
strongly depend not only on the electron-electron correla-
tions but also on the crystal field �CF� and the metal
d-oxygen 2p hybridizations, which are determined by the site
symmetries and the characteristic local environments.13

The degenerated atomic levels split in the solid due to the
site symmetry lowering resulting in the CF. The CF, which
results from the interionic Coulomb energies, determines the
crystal orbital state energies in corporation with their hybrid-
izations with the electron states in the nearest-neighbor ions.
The XAS provides direct information on the local electronic
states and their intermixing with neighboring ions. The
O K-edge XAS, 1s→2p, exhibits the unoccupied O 2p

states, which are strongly hybridized with Mn 3d /4sp and
Y 4d /5sp states, and represents the unoccupied Mn 3d /4sp
and Y 4d /5sp electronic states in the prototype hexagonal
manganite YMnO3. Further the more detailed information on
the Mn 3d electronic states can be obtained from the
Mn L2,3-edge XAS, which utilizes the Mn 2p→3d dipole
transition.

The energy-level splitting in the hexagonal crystal with
D3h �MnO5� and D3d �YO8� site symmetries can be simply
derived from the interionic Coulomb energies in the group
theoretical approach, and this scheme has already been
adopted for explaining the overall Mn d-d level splits in the
optical measurements such as the second-harmonic genera-
tion experiment.14 Since the energy range of the level split-
ting is much smaller than the O 2p→Mn 3d charge-transfer
energy ��4 eV�, the interaction between Mn 3d and O 2p
orbitals was generally neglected in the optical investigation.
However, the simple d-d split in the symmetry argument is
not sufficient to understand the interactions between Mn /Y d
and O 2p orbitals. Further, the electronic structure in the
wide energy range obtained by the x-ray techniques such as
photoemission, photoabsorption, and scattering should be
understood based on the many-body approach often utilizing
either the Anderson impurity Hamiltonian or the cluster
model calculations with the configuration interactions �CIs�.
In this approach, the CF and the d-p hybridization effects
should be taken into account more explicitly. Therefore in
this paper, we derive the formulas for the CF and the metal
d-oxygen 2p hybridization separately and analyze the O K-
and Mn L2,3-edge XAS spectra in terms of the cluster model
calculation with CIs including full atomic multiplets.

As seen in the XAS results,11 the spectral line shape
barely changes with the choice of R in the hexagonal
RMnO3, indicating that the electronic structure is mostly de-
termined by the site symmetry. Thus it is worthy to deter-
mine the CF energies and the hybridization strengths through
a simple algebraic method instead of the full band calcula-
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tions based on the local-density approximation �LDA� or
LDA+Hubbard U. This simple approach is intuitive and
generally applicable to all the hexagonal systems with the
same site symmetry. Further, it can be also integrated with
many-body model calculations such as the cluster model cal-
culations, which are established to well describe the elec-
tronic structure of the 3d transition-metal oxides.

We focus on constructing the generalized calculation
schemes for the CF and the metal d-oxygen 2p hybridization
strengths in the hexagonal RMnO3. To verify the validity of
the methodologies, we also applied the same procedure onto
the well-known orthorhombic crystal structure and this
turned out to successfully describe the local electronic struc-
ture of the orthorhombic crystal such as LaMnO3. The peda-
gogic descriptions in this paper will enable the reader to
easily understand the gigantic difference in the electronic
structure of hexagonal RMnO3 from orthorhombic mangan-
ites as the simple influence of the local symmetry. The rest of
paper is summarized as follows. In Sec. II, we present gen-
eralized approaches to the CF energies and hybridization
strengths for the Mn d and Y d states in the hexagonal
YMnO3. In Sec. III, we present the cluster model calculation
analysis results, which successfully reproduce the O K- and
Mn L2,3-edge XAS spectra of the hexagonal YMnO3 with
MnO5 �D3h� and the orthorhombic LaMnO3 with MnO6
�D4h� at the same trivalent ionic state Mn3+ �3d4�. The con-
sistency with the results of an LDA+U calculation is dis-
cussed in Sec. IV. Section V gives the summary and conclu-
sions of this work and the orbital hybridizations in the MnO5
bipyramid and MnO6 octahedron are compared in an alter-
native method in the Appendix.

II. LOCAL INTERACTIONS IN YMnO3

In insulating oxides such as RMnO3, the overall electronic
structure can be described by the local nearest-neighbor in-
teractions although the details are modified by the interac-
tions with other neighbors. Here we present theoretical elec-
tronic structure calculated within a single cluster �MOn; M
=R and Mn� model, which takes into account the nearest-
neighbor interactions. In hexagonal YMnO3, the Mn ion is
surrounded by three planar and two apical oxygen ions
�MnO5=MnOP

3 OT
2�, which form a bipyramid cage, while the

Y ion is surrounded by eight oxygen ions �YO8=YOT
6OP

2 �.
Note that the conventionally denoted OP �in-plane oxygen�
and OT �on-top oxygen� in YMnO3 �Ref. 8� correspond to
planar and apical oxygen ions in the MnO5 cage while they
become opposite in the YO8 cage. The actual shapes of the
two cages in the crystal structure are shown in Fig. 1. There
are crystallographically one Mn site, four different oxygen
sites, and two different yttrium sites, which are convention-
ally denoted as Mn, O1-O4, and Y1 /Y2, respectively.15

The details of MnO5 and YO8 local structures are shown
in Fig. 1�b�. In a MnO5 bipyramid with a D3h site symmetry,
the Mn-O bonds consist of three and two nearly identical
planar and apical bonds, respectively, even under the ferro-
electric distortions �P63cm�. The ratio of the apical to planar
bond length, d�Mn-OT� /d�Mn-OP�, is approximately 0.9.
The situation is somewhat complicated in the YO8 cage.

There are two different yttrium sites, one with upward dis-
placement �Y1� and the other with downward displacement
�Y2�. The site ratio of Y1:Y2 is 1:2. As can be seen in the
figure, the Y-O bond lengths vary for different oxygen ions
�O1-O4�, but both O1 and O2 always keep the threefold sym-
metry around the O3�O4�-Y1�Y2�-O3�O4� line. Then the site
symmetry becomes a quasitrigonal and the CF and hybrid-
ization strengths are calculated numerically under the trigo-
nal symmetry �D3d�. The energy-level splittings for various
relevant metal oxygen coordination and site symmetries,
MO5 �D3h�, MO6 �Oh, D4h, and D3d�, and MO8 �D3d� are
schematically illustrated in Fig. 2.16 It is noticeable that both
MnO5 and YO8 cages consist of apical bonds and planar
bonds forming triangles. Thus one can simplify the calcula-
tions for CF and hybridization strengths by taking advantage
of the triangular base symmetry, which are described in Secs.
II A and II B.

FIG. 1. �Color online� �a� Crystal structure and �b� YO8 and
MnO5 local structures of YMnO3 at room temperature. The atomic
positions were taken from Ref. 12. Two yttrium sites are denoted by
Y1 and Y2 and the sites of on-top �OT� and in-plane �OP� oxygen
ions are denoted by 1,2 and 3,4, respectively. The oxygen triangles
which are the units of calculations for Y/Mn-O hybridization
strengths are explicitly shown.

FIG. 2. �Color online� Energy splittings and orbital symmetries
for various MOn �M: Y or Mn� local structures. The d orbital in the
MnO5 is split into e1g �yz /zx�, e2g ��x2−y2� /xy�, and a1g �3z2−r2�
orbitals under the bipyramidal D3h symmetry. YO8 has a quasitrigo-
nal D3d symmetry and the d orbital is split into a1g �3z2−r2� and
eg

� /eg
� �mixtures of yz /zx and �x2−y2� /xy�. The d orbital in MnO6

under the D4h symmetry with a long z axis as in orthorhombic
LaMnO3 is split into eg �yz /zx�, b2g �xy�, a1g �3z2−r2�, and b1g

�x2−y2�.
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A. Crystal fields

In an MOn cluster, CF energies of the electron at the
central ion are often presented by the expectation values of
the electrostatic potential energy contributed by point
charges at the positions of oxygen ions with effective charge
number −Z. Within the first-order perturbation, the one-
electron CF energies are given by

Umm�
CF = Z�

i=1

n �m� 1

	r� − a� i	
�m�
 , �1�

where a� i stands for the n oxygen positions from the central
one and m ,m� are magnetic quantum numbers of the electron
orbital states. In the case of d orbital, these can be rewritten
as

Umm�
CF = Z �

k=0,2,4;m�=−4,−3,. . .,+3,+4

Akm��r
k�ck�2m,2m���m�,m−m�,

�2�

where r is in unit of the bond length and ck�lm , l�m�� and
Akm� are Gaunt coefficients17 and structural coefficients,16 re-
spectively.

1. D3h crystal field in MnO5 bipyramid

In the MnO5 cluster, the matrix representation for the one-
electron CF energies can be simplified by introducing a con-
traction factor �=d�Mn-OT� /d�Mn-OP�. The CF energy ma-
trix has a diagonal form even in the basis of unperturbed d
orbitals as follows:

Umm�
CF � =�

� 0 0 0 0

0 � 0 0 0

0 0 � 0 0

0 0 0 � 0

0 0 0 0 �

� for Mn 3d ,

� � −
2

7
A20�r2� +

1

21
A40�r4� ,

� � +
1

7
A20�r2� −

4

21
A40�r4� ,

� � +
2

7
A20�r2� +

6

21
A40�r4� , �3�

for m ,m�= �+2, +1,0 ,−1 ,−2�, and the coefficients are found
to be A20=Z�4−3�� /2�3 and A40=Z�16+9�� /8�5, respec-
tively, for r in unit of the Mn-OT bond length.

Since the one-electron energy matrix is already diagonal
in the bipyramidal field, the degeneracies of both 		1� and
		2� are maintained. Thus one can choose the real-space
basis of d3z2−r2�m=0�, dyz,zx�m= 	1�, and dx2−y2,xy�m= 	2�.
The degeneracies are independent of the Mn-OT bond length
along the z direction, i.e., the ratio �.

It should be noted that, in the Oh field,18 A20 vanishes and
the CF splitting energy 10 Dq is determined solely by the
�r4� terms, while in this D3h field, A20 survives and further

the first �r2� term is comparable to the second �r4� term. The
CF energies are determined by the ratios of these two terms,
which vary with the contraction factor �. The energy of the
singlet a1g �3z2−r2� turns out to be always highest while the
energy of yz /zx is either higher or lower than that of �x2

−y2� /xy depending on � �e1g ,e2g denote conventionally
these two doublets according to the energy order�. In YMnO3
with ��0.9, the CF splitting energy ��−��, the energy dif-
ference between a1g and e2g, is estimated to be approxi-
mately equal to ��−��, the energy difference between e2g
and e1g for �r4� / �r2�=2–4.19

2. D3d crystal field of YO8

The CF of YO8 cage onto Y 4d0 can be calculated in a
similar fashion. The CF energy matrix is found to have forms

Umm�
CF � =�

� 0 0 − � 0

0 � 0 0 �

0 0 � 0 0

− � 0 0 � 0

0 � 0 0 �

� for Y 4d ,

where �, �, and � are given as in Eq. �3� and

� �
�35

21
A43�r4� �4�

as long as the crystal has the P63cm symmetry with the
threefold symmetry for both O1 and O2 triangles �see Fig. 1�.
Differently from the Mn 3d matrix, Y 4d matrix has nonva-
nishing off-diagonal elements �
�� which intermix m= 	2
and m= 
1 states �signs in same order�. The � term is much
larger than all the other terms, so that the highly mixed
		2� � 	
1� form degenerated bonding �eg

�� and antibonding
�eg

�� states with a large energy separation and the energy
level of the unmixed 	0� singlet �a1g� stays nearly at the
middle �see Fig. 2�. In YMnO3, the a1g level lies slightly
above �60% for Y1� and below �40% for Y2� the middle
�50%� of the eg

� and eg
� energy levels for �r4� / �r2�=2–4.19

B. Hybridization strengths

The central Mn 3d and Y 4d orbitals overlap only with
the oxygen 2p electron clouds with the same orbital symme-
tries. Thus the hybridization matrix has the same form of the
matrix as the CF energy matrix presented in Sec. II A except
for replacements of Akm��r

k� with hybridization coefficients

Ṽkm�. The hybridization coefficients were estimated by using
bond-orbital model of Harrison20 and the differences in the
interatomic distances were taken into account. According to
the Harrison rule, the hybridization coefficients are propor-
tional to a−3.5 �a: the interatomic distance� for p-d

hybridization.20 The coefficients Ṽkm� can be transformed
into Vmm� in the same fashion for the CF energies Umm�

CF in
Sec. II A.

1. Hybridization strengths in a MnO5 bipyramid

For MnO5 bipyramid, the hybridization comes from two
apical bonds �Mn 3d-OT 2p� and three planar ones
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�Mn 3d-OP 2p�. The apical hybridization for each bond is
easily expressed with the Slater-Koster transfer integrals in
the following:

V00,A
2 = Vpd�

2 , V11,A
2 = V−1−1,A

2 = Vpd�
2 �5�

and all other Vmm�,A are zero, where the subscript A repre-
sents the hybridization with the apical oxygen.

The planar hybridization is rather intriguing because the
symmetry of the electron cloud at three planar oxygen sites
�threefold symmetry� cannot be directly converted to the d
symmetry �twofold for yz /zx and fourfold for �x2−y2� /xy�.
Thus, we first calculate the contribution of the planar oxygen
triangle. Suppose that each oxygen ion in the triangle is lo-
cated at a unit distance from the central ion with an angle �
from the c axis, as shown in Fig. 3. The Mn 3d-O 2p hybrid-
ization strengths for the triangular oxygen ions are as fol-
lows:

V00,P
2 =

3

4
�1 − 3 cos2 ��2Vpd�

2 +
9

4
sin2 2� Vpd�

2 ,

V	1	1,P
2 =

9

8
sin2 2� Vpd�

2 +
3

2
�cos2 � + cos2 2��Vpd�

2 ,

V	2	2,P
2 =

9

8
sin4 � Vpd�

2 +
3

2
sin2 ��1 + cos2 ��Vpd�

2 , �6�

V	2
1,P
2 =

3 sin2 2�9�3 − 4 cos 2� + cos 4��Vpd�
4 + 16�3 + cos 4��Vpd�

4 �
329�1 − cos 4��Vpd�

2 + 4�4 + cos 2� + 3 cos 4��Vpd�
2 �

, �7�

where the subscript P represents the hybridization with the
planar oxygen.

In MnO5, � is approximately � /2. Thus the off-diagonal
terms V	2
1, which do not vanish in general, become negli-
gible, and each diagonal term becomes reduced to each or-
bital hybridization. The total hybridization strength, which
corresponds to a sum of the apical and planar contributions,
is given as follows:

V00
2 = V3z2−r2

2 = 2Vpd�
2 +

3

4
Vpd�

2 �7,

V	1	1
2 = Vyz,zx

2 = 2Vpd�
2 +

3

2
Vpd�

2 �7,

V	2	2
2 = Vx2−y2,xy

2 = �9

8
Vpd�

2 +
3

2
Vpd�

2 ��7. �8�

Here �7 is introduced for the planar hybridization strengths
according to the Harrison’s a−7 rule. With an empirical rela-
tion Vpd�=−2Vpd�, which is commonly adopted, the hybrid-
ization ratios of the d orbitals can be determined with the
single contraction factor �. In YMnO3 with �=0.9, the hy-
bridization strength of a1g orbital, V3z2−r2

2 , is approximately
3.3 times larger than those of e1g and e2g orbitals, Vyz,zx

2 and
Vx2−y2,xy

2 , which are very close to each other. It is worthy to
note that, besides the anisotropic crystal field �see Sec. II A�,
the strong hybridization strength of a1g orbital is expected to

lead to strong anisotropy in the electronic structure of the
MnO5 cluster. Now Vx2−y2

2 is largely reduced in comparison
with that in the MnO6 octahedron since MnO5 has the longer
planar bond length, the smaller number of planar oxygen
ions, and the mismatch between the bond and orbital direc-
tions �see the Appendix�.

2. Hybridization strengths of YO8

A YO8 cage has two apical oxygen ions �OP� and two
triangles of planar oxygen ions �OT� in a quasi-D3d symme-
try �see Fig. 1�. Starting from Eqs. �5�–�7�, we calculated the
total hybridization strengths of Y 4d orbitals, which are
listed in Table I. The off-diagonal term �V2−1=V−21� is
smaller than the diagonal terms and the hybridization
strengths were found to be rather isotropic, indicating that

TABLE I. The relative hybridization strengths of Y 4d orbitals
for YMnO3 with P63cm symmetry with respect to V3z2−r2

2 of Y2.
Here, Vyz

2 =Vzx
2 , Vx2−y2

2 =Vxy
2 , and V2−1

2 �	�2 	−1�	2= 	�dxy 	�zx�O8��	2.
The empirical values are used for the Slater-Koster transfer integral
ratios Vpd� /Vpd�=−2 �Ref. 20�.

Site

Y 4d-O 2p

V3z2−r2
2 Vzx

2 Vxy
2 V2−1

2

Y1 1.183 1.196 1.223 0.211

Y2 1 1.151 1.299 0.234

FIG. 3. �Color online� Unit triangle of oxygen ions with a
spread angle � with respect to the c axis. ��90° for the MnO5

cluster and �=56° –72° for the YO8 cluster.
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the overall electronic structure of Y 4d is dominated by the
CF splittings.

III. X-RAY-ABSORPTION SPECTRA

From the calculated crystal fields and hybridization
strengths in MnO5 and YO8 clusters, the polarization-
dependent XAS spectra of YMnO3 at O K and Mn L2,3 edges
are simulated in terms of the cluster model calculations with
CIs including full atomic multiplets. The strict dipole selec-
tion rules enable us to identify the spectral features confiden-
tially since the available XAS final states varies with the
different polarizations. For comparison, the spectra of ortho-

rhombic LaMnO3 with MnO6 �D4h� in Pbnm crystal
structure,21 which exhibits remarkably different spectral line
shapes at O K and Mn L2,3 edges in spite of the same
ground-state electron number �d4�, are also examined using
the similar physical parameter set except the site symmetry-
dependent parameters such as the CF energies and the
Mn 3d-O 2p hybridization strengths under the D4h symme-
try.

A. O K-edge absorption spectra

Figure 4�a� shows the polarization-dependent O K-edge
XAS spectra of hexagonal YMnO3 and the cluster model
calculation results. The spectra display the O 2p states hy-
bridized with Mn 3d /Mn 4sp and Y 4d /Y 5sp orbitals, and
the calculation results successfully reproduce all the main
features and their energy separations for both polarizations,
E �c and E �ab. The sp states provide rather broad spectral
backgrounds. In the calculations, we took ratios of the CF
splitting energies and hybridization strengths for different
Mn 3d and Y 4d orbitals presented in Sec. II. The CF split-
ting energies and hybridization matrix elements are pre-
sented in Table II. Here the O 1s core-hole energy difference
in the final state for the two oxygen sites �OT and OP� was
considered to be E�OP�−E�OT�=0.4 eV, which was esti-
mated from the O 1s photoemission spectrum �not shown
here�. The observed exchange energy, E�3z2−r2 ,↓�−E�3z2

−r2 ,↑�=1.9 eV, is much smaller than the result of Hartree-
Fock calculation22 for Mn3+ ion �3–4 eV�. The reduction in
the exchange energy �i.e., Fdd

2 and Fdd
4 � might originate from

the wave-function spreading due to rather strong hybridiza-
tion with O 2p in this bipyramidal structure. The large hy-
bridization strength of a1g �3z2−r2� orbital increases the ef-
fective crystal-field splitting energy considerably. The Y 4d
level split and the hybridization strengths in YO8 cluster are
remarkably larger than those in MnO5. Y 4d eg

�, a1g, and eg
�

orbital states contribute three main features around 533.5,
535, and 537 eV, respectively. The feature near 538 eV in
E �ab spectra might be originated from the incorporation
with Y 5sp-O 2p hybridization.

Figure 4�b� shows the O K-edge XAS spectra of the
orthorhombic LaMnO3 with MnO6 �D4h� and the model cal-
culation results. The spectra are dominated by the Mn 3d
�h=528 eV–532 eV� and La 4f /5d states �h

540538536534532530528
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(b) LaMnO3
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Theory (CI)

E//c
E//ab

Mn 3d La 4f
La 5d

b1g↑
eg/b2g ↓

a1g↓
b1g↓

FIG. 4. �Color online� Polarization-dependent O K-edge XAS
spectra of �a� hexagonal YMnO3 and �b� orthorhombic LaMnO3

�Ref. 11�. The calculated eigenstates and spectral weights for �a�
MnO5 �D3h� and YO8 �D3d� and �b� MnO6 �D4h� are presented with
bars. Their broadened features show good agreement with the ex-
perimental spectra.

TABLE II. The crystal-field splitting energies and hybridization matrix elements of Mn /Y d-O 2p in
hexagonal YMnO3 deduced from the cluster model analysis and the LDA+U calculation. The crystal field
and overall splitting energies of Y 4d a1g state presents the average values for the Y1 and Y2 sites with an
�0.5 eV difference.

Method
Energy

�eV�

Mn 3d Y 4d

e1g e2g a1g eg
� a1g eg

�

Cluster model Bare crystal field 0 0.5 1.1 0 �1.5 3.0

Hybridization 2.1 2.1 3.8 6.5 6.0 6.5

Overall split 0 0.7 1.5 0 �1.7 3.5

LDA+U Hybridization 2.2 2.4 3.6 5.5 5.6 5.5

Overall split 0 0.4 0.9 0 1.7 3.8
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=532 eV–538 eV�. The Mn 3d region consists of two ma-
jor features of b1g

↑ �x2−y2� and eg
↓ /b2g

↓ �xy ,yz ,zx� at low and
high energies, respectively. Here the z direction is defined as
along the elongation direction of the MnO6 octahedron.23

The CF splitting energy, eg−b1g, is 1.2 eV and the hybrid-
ization matrix element, V�x2−y2�=3.4 eV, and the exchange
energy, E�x2−y2 ,↓�−E�x2−y2 ,↑�, is 2.7 eV. The a1g

↓ /b1g
↓

states appear as shoulders of the broad La 4f /5d features at
h�534 and �536 eV, consistent with first-principles cal-
culation results.24–26

B. Mn L2,3-edge absorption spectra

The Mn L2,3-edge XAS spectra display complicated but
characteristic multiplet structure of the Mn 2p-3d Coulomb
interactions at the final state. The spectra were theoretically
simulated by using the cluster model calculations with the
configuration interactions and the theoretical spectra well re-
produce the overall line shapes. The calculations were per-
formed for dn � dn+1p� � dn+2p�

2 �p� : oxygen 2p hole� with full
atomic multiplets. We adopted nearly the identical physical
parameter set including the O 2p to Mn 3d charge-transfer
energy �, Hubbard U, CF splitting energies,27 and
O 2p-Mn 3d hybridization V as in the calculations for the
O K-edge XAS discussed above. The quality of simulation is
maintained only for less than 10% variations of the param-
eter values.

Figure 5 shows the polarization-dependent Mn L2,3-edge
XAS spectra and their theoretical simulations of �a� YMnO3
and �b� LaMnO3. The XAS spectrum shows large polariza-
tion dependence for YMnO3 but relatively small variations
for LaMnO3 in the line shape as in the O K-edge XAS. In
hexagonal YMnO3, all the apical oxygen atoms locate along
the crystal c axis and the polarization-dependent measure-
ment fully takes into account the structural anisotropy while
in orthorhombic LaMnO3, the z direction elongation of the
MnO6 octahedron lies in the ab plane in a zigzag style and

the structural anisotropy is partially reflected. However, even
considering the partial reflection of the structural anisotropy
in LaMnO3, the polarization dependence of the XAS spec-
trum in YMnO3 is so large that it cannot be simply attributed
to the structural anisotropy. This result indicates that there
should be an additional bonding anisotropy in the MnO5 bi-
pyramid, which enhances the orbital anisotropy in hexagonal
YMnO3 �see the Appendix�.

IV. COMPARISON WITH RESULTS OF THE LDA+U
CALCULATION

Now it is worthy to compare the CF splitting energies and
the hybridization strengths of Mn 3d and Y 4d orbitals in
YMnO3, obtained in Sec. III, with the LDA+U results,
whose details were presented elsewhere.28 The Mn 3d-O 2p
and Y 4d-O 2p hybridization strengths can be extracted from
the LDA+U unoccupied O 2p partial density of states
�PDOS� in the first-order approximation �dn � dn+1p� �; the
configuration matrix yields a simple relation V /�=a / �1
−a2�, where a is the square root of the O 2p PDOS scaled by
the Mn 3d �Y 4d� PDOS and � is the O 2p to Mn 3d �Y 4d�
charge-transfer energy. Here � values for Mn 3d and Y 4d
are adopted to be 4.0 and 8.0 eV, respectively.

The Mn 3d /Y 4d-O 2p hybridization matrix elements and
the overall peak-to-peak splitting energies deduced from
LDA+U are presented in Table II. These values are in good
agreement with those determined in the cluster model analy-
sis �Sec. III� except for minor differences in the Mn 3d split-
ting energies. The Mn 3d exchange energy, i.e., E�3z2

−r2 ,↓�−E�3z2−r2 ,↑�=2.3 eV is slightly larger than the
cluster model calculation result �1.9 eV�. It is because the
XAS final states reflect the one-electron additional conduc-
tion band, i.e., the �N+1�-electron system, which reduces the
exchange energy �Fdd

2 and Fdd
4 �.

V. SUMMARY AND CONCLUSIONS

The experimental and theoretical studies on the O K- and
Mn L2,3-edge XAS of hexagonal YMnO3 and orthorhombic
LaMnO3 revealed that the local site symmetry makes signifi-
cant influences on the electronic structure of the manganite.
We provided an algebraic formalism for the calculation of
the CF energies and the hybridization strengths in MnO5
�D3h� and YO8 �D4h� clusters in YMnO3, which are in good
agreement with those extracted from the LDA+U calculation
results. The cluster model calculations with the CF energies
and hybridization strengths successfully reproduce the ob-
served polarization-dependent XAS spectra. The general al-
gebraic formalism in the unusual bipyramid MO5 can be
extended to studies on various hexagonal manganites
RMnO3 �Refs. 3, 5, and 7� and ferrites such as LuFe2O4,29

which have taken so much attention since the discoveries of
their interesting magnetic and ferroelectric behaviors.
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APPENDIX: HYBRIDIZATION IN MX5 BIPYRAMID

Here we derive Eq. �8� in a formal way. For calculating
the hybridization strengths, it is convenient to compare bi-
pyramid �MX5; D3h symmetry� with octahedron �MX6; Oh
symmetry�. First, the number of planar ligands of the bipyra-
mid is different from the octahedron. It is reduced from 4 to
3, so that the total planar hybridization strength should be
3/4 of octahedron case. Second, there is a contraction factor
�=d�M −XA� /d�M −XP�, where the subscripts A and P rep-
resent the apical and planar ligands, respectively.

Each ligand contributes three p orbitals, resulting in
15 ligand p orbital states �n

j �j= px , py , pz�, where n
�=1,2 ,3 ,4 ,5� stands for five ligand sites and the x coordi-
nate of each ligand Xn can be chosen for convenience along
the M-Xn bond direction as shown in Fig. 6�a�. Utilizing the
ligand group theory, we can build symmetrized wave func-
tions �’s for the bipyramidal D3h symmetry from the orbital
states �n

j ’s.13 The six states related to the apical ligands X1,2
and the nine states to the planar ligands X3,4,5 are separated
due to the symmetry as in Eqs. �A1� and �A3�, respectively.

The apical wave functions have symmetric and antisym-
metric forms

�a1,A
j = 1/�2��1

j + �2
j � ,

�a2,A
j = 1/�2��1

j − �2
j �, j = px,py,pz. �A1�

Only three out of the six wave functions have nonvanishing
overlap integrals with M d orbitals.

	�3z2 − r2	�a1,A
pz �	2 = 2,

	�zx	�a2,A
px �	2 = 	�yz	�a2,A

py �	2 = 2. �A2�

Note that all three integrals have a value of 2, which ac-
counts for the number of the apical ligands, the same as in
the case of the MX6 octahedron.

The planar hybridizations, however, are rather different
from those in the octahedron. The planar ligand ions have
three different symmetries as follows:

�a1,P
j = 1/�3��3

j + �4
j + �5

j � ,

�ea,P
j = 1/�6�2�3

j − �4
j − �5

j � ,

�eb,P
j = 1/�2��4

j − �5
j �, j = px,py,pz. �A3�

One intriguing point is that the planar ligand p orbitals with
the threefold symmetry are not directly converted to the
d-orbital symmetry �twofold for yz /zx and fourfold for �x2

−y2� /xy�. Thus we formally decompose the p states into
components with fourfold and twofold symmetries,

�a1,P
j =

1
�3

�
��n�

�n
j ,

�ea,P
j =

1
�6

�
��n�

�e2i� + ei���n
j ,

�eb,P
j =

i
�6

�
��n�

�e2i� − ei���n
j , �A4�

where � stands for the rotation angles 0, 2
3�, and 4

3� of the
planar ligands n=3, 4, and 5, respectively.

The projected phase states of d orbitals correspond to
	e2i�� for �x2−y2� /xy, 	ei�� for yz /zx, and 	ei0� for 3z2−r2.
Here seven out of the nine wave functions have the nonvan-
ishing overlap integrals,

	�3z2 − r2	�a1,P
px �	2 = 3,

	�zx	�ea,P
pz �	2 = 	�yz	�eb,P

pz �	2 = 3,

	�x2 − y2	�ea,P
px �	2 = 	�xy	�eb,P

px �	2 = 3,

	�xy	�ea,P
py �	2 = 	�x2 − y2	�eb,P

py �	2 = 3. �A5�

This value again corresponds to the number of planar
ligands. It means that the planar hybridization strength in the
bipyramid is smaller by a factor of 3/4 than that in the octa-
hedron with four planar ligands. For insight, orbital configu-
rations for the ten nonvanishing integrals are schematically

(d) (x2-y2)/ xy

(b) yz / zx

(c) 3z2-r2

�

(x2-y2) – �ea ,P
px xy – �eb ,P

px

(x2-y2) – �eb ,P
py xy – �ea ,P

py

zx – �ea ,P
pzyz – �eb ,P

pz

zx – �a2 ,A
pxyz – �a2 ,A

py

(3z2-r2) – �a1 ,P
px

(3z2-r2) – �a1 ,A
pz
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FIG. 6. �a� Convention for local coordinates for the five ligand
orbitals and the central orbital in MX5 bipyramid and ten orbital
configurations of nonvanishing M d-X p overlaps for the �b�
dyz /dzx, �c� d3z2−r2, and �d� dx2−y2 /dxy orbitals. Equality in �b� and
�d� indicates that the two have essentially the same orbital overlap.
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cartooned in Figs. 6�b�–6�d�. The equalities in the figure in-
dicate essentially equal orbital overlaps for the pd� and pd�
bonds, represented as equalities between the overlap inte-
grals in Eqs. �A2� and �A5�. The overlap integrals of �a2,A

px,y in
Eq. �A2� have the same form as can be seen in Fig. 6�b� and
its equality is trivial. The equalities between the overlap in-
tegrals of �ea,P

j and �eb,P
j for the respective j can be verified

by noting that the coefficient of either e2i� term �for x2

−y2 /xy� or ei� term �for yz /zx� in �ea,P
j has the same modu-

lus �1 /�6� with that in �eb,P
j in Eq. �A4�.

The total hybridization strength of each d orbital over all
ligand p states, which corresponds to the sum of the planar
and apical contributions, can be expressed in terms of the
Slater-Koster transfer integrals Vpd� and Vpd�. First we take
advantage of knowledge for the M d-X p hybridization
strengths in the MX6 octahedron with two apical and four
planar ligands as

V3z2−r2
2 = 2Vpd�,A

2 + 4 ·
1

4
Vpd�,P

2 ,

Vyz/zx
2 = 2Vpd�,A

2 + 4 ·
1

2
Vpd�,P

2 ,

Vx2−y2
2 = 4 ·

3

4
Vpd�,P

2 = 3Vpd�,P
2 ,

Vxy
2 = 4Vpd�,P

2 . �A6�

Now we apply the different number of planar ligands in the
MX5 bipyramid for the hybridization strengths,

V3z2−r2
2 = 2Vpd�,A

2 + 3 ·
1

4
Vpd�,P

2 ,

Vyz/zx
2 = 2Vpd�,A

2 + 3 ·
1

2
Vpd�,P

2 ,

Vx2−y2/xy
2 =

3

4
·

1

2
�3Vpd�,P

2 + 4Vpd�,P
2 � . �A7�

Here the total hybridization strengths of x2−y2 and xy, which
are the same, should be obtained by applying the factor of
3/4 on the average of the corresponding x2−y2 and xy hy-
bridization strengths, which are different from each other in
the octahedron. Finally, the hybridization strengths of the d
orbitals can be determined after consideration of the contrac-
tion factor �,

V3z2−r2
2 = 2Vpd�

2 +
3

4
Vpd�

2 �7,

Vyz/zx
2 = 2Vpd�

2 +
3

2
Vpd�

2 �7,

Vx2−y2/xy
2 = �9

8
Vpd�

2 +
3

2
Vpd�

2 ��7. �A8�

These are exactly the same as in Eq. �8�.
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